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Abstract
We investigate AdS3/CFT2 correspondence in three dimensional supergravity. We
construct a current for general coordinate invariance and that for local supersymmetry
via covariant approach. Hamiltonian and supercharge are well defined in terms of vielbein
and spin connection. After discussing asymptotic supersymmetry group at the boundary
of AdS3 geometry, we show that there exist a direct product of Virasoro algebras at the
boundary. We also show that one of them is extended to super Virasoro algebra.
1 Introduction
One of important directions in string theory is the understanding of the correspondence
between gauge theory and gravity theory[1]. From this correspondence, it is possible to
predict physical quantities from the gravity side, such as correlation functions in the gauge
theory at strong coupling limit[2, 3]. Although the gauge/gravity correspondence is not
proved yet, it is widely applied to various fields and we get some insight into the gauge
theory at strong coupling region.
Among many works which support the gauge/gravity correspondence, it is very important
to examine AdS3/CFT2 correspondence since both three dimensional gravity with negative
cosmological constant and two dimensional conformal field theory are deeply investigated.
In three dimensional gravity theory with negative cosmological constant, a vacuum solution
which has negative energy is described by global AdS3 geometry[4]. And there are so-called
BTZ black hole solutions as excited configurations[5, 6]. In two dimensional CFT, a number
of generators of the symmetry becomes infinite and they form a Virasoro algebra[7]. In
1986, Brown and Henneaux have showed that there exist Virasoro algebras at the boundary
of AdS3 geometry without employing string theory[8]. Applying this result, Strominger has
succeeded to explain an entropy of BTZ black hole via Cardy formula[9]. Another important
approach to the three dimensional gravity is the relationship between the gravity theory and
the gauge Chern-Simons theory[10, 11]. And it is possible to derive the Virasoro algebras at
the boundary of the gauge Chern-Simons theory[12, 13].
The purpose of this paper is investigate AdS3/CFT2 correspondence in three dimensional
supergravity. It is expected that the Virasoro algebra at the boundary of AdS3 will be
extended to super Virasoro algebra. In fact, Banados et al. have showed the existence of
the super Virasoro algebra by using supersymmetric gauge Chern-Simons theory[14]. In this
paper, we construct a current for the general covariance and that for the local supersymmetry
in terms of vielbein and spin connection in a covariant way. In order to execute this, we
employ Noether’s method and Wald’s covariant approach[15, 16, 17].
We also examine asymptotic supersymmetry group which preserves the boundary be-
haviors of the vielbein and the spin connection. We confirm that global AdS3 geometry
corresponds to the ground state of Neveu-Schwarz sector and massless BTZ black hole does
to that of Ramond sector[18].
Finally we evaluate variations of Hamiltonian and supercharge. These variations should
close up to central extensions. We will explicitly calculate the central extensions and show
that there exists a direct product of super Virasoro algebra and Virasoro algebra at the
boundary. Central charge correctly matches with the results obtained in previous works.
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Organization of the paper is as follows. In section 2, we check the general coordinate
invariance and the local supersymmetry in three dimensional N = (1, 0) supergravity. In
section 3, the Noether current for the general coordinate invariance is constructed, and in
section 4, that for the local supersymmetry is defined. We discuss properties of the asymp-
totic supersymmetry group by solving relaxed Killing vector and Killing spinor equations.
Finally in section 6 we discuss Virasoro algebras realized at the boundary. Section 7 is de-
voted to conclusion and discussion. There are three appendices to support some technical
calculations.
2 Supergravity Lagrangian and Local Symmetry
In this section we consider three dimensional supergravity which consists of a vielbein eaµ and
a Majorana gravitino ψµ. µ, ν are used for space-time indices and a, b are for local Lorentz
ones. Both fields contain no physical degrees of freedom, so it is possible to construct the
action which possesses local supersymmetry.
For simplicity, we considerN = (1, 0) supergravity. Since our main interest is AdS3/CFT2
correspondence, we also introduce negative cosmological constant Λ = − 1
ℓ2
and its super
partner. Then the action S or the Lagrangian L of three dimensional supergravity with
negative cosmological constant is given by
S =
∫
d3xL ∼
1
16πGN
∫
d3x e
(
R+
2
ℓ2
−
1
2
ψργ
µνρψµν
)
, (1)
where GN is the gravitational constant in three dimensions. A matrix γ
ρµν is a completely
antisymmetric tensor constructed by gamma matrix γµ. Notations and some useful relations
of the gamma matrix in three dimensions are summarized in the appendix A. The symbol
∼ will be used when higher order terms on ψµ are neglected. In the above equation, O(ψ
4)
terms are ignored. Through this paper, we use Dµ for the covariant derivative which acts
only on local Lorentz indices. For example, Dµψν = ∂µψν+
1
4ωµabγ
abψν , where ωµab is a spin
connection. A curly covariant derivative Dµ is defined like
Dµψν = Dµψν +
1
2ℓ
γµψν . (2)
A field strength ψµν of the Majorana gravitino is defined by using the curly covariant deriva-
tive as ψµν ≡ 2D[µψν].
The action (1) is invariant under the general coordinate transformation and local super-
symmetry. First, let us check the general coordinate invariance. Under general coordinate
transformation x′µ = xµ− ξµ, the vielbein and the Majorana gravitino transform like vector
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fields,
δξe
a
µ = ξ
ν∂νe
a
µ + ∂µξ
νeaν , δξψµ = ξ
ν∂νψµ + ∂µξ
νψν . (3)
Then δξe = ee
µ
aδξe
a
µ = ∂µ(eξ
µ), and the Lagrangian density e−1L behaves as a scalar
field. Therefore the variation of the Lagrangian under the general coordinate transformation
becomes
δξL = ∂µ
(
ξµL
)
. (4)
Thus the action (1) is invariant under the general coordinate transformation.
Next let us check N = (1, 0) local supersymmetry of the action (1) up to O(ψ2). Under
the local supersymmetry, the vielbein and the Majorana gravitino transform like
δǫe
a
µ = ǫγ
aψµ, δǫψµ= 2Dµǫ. (5)
Here ǫ(x) represents a space-time dependent parameter which belongs to a Majorana rep-
resentation. Then the variation of the field strength of the Majorana gravitino is evaluated
as
δǫψµν ∼ 2[Dµ,Dν ]ǫ
=
1
2
Rabµνγ
abǫ+
1
ℓ2
γµνǫ. (6)
In the first line, the variations of the vielbein and the spin connection are neglected since
these give O(ψ2) terms. By using eq. (6) and employing relations of gamma matrices given
in the appendix A, the variation of the fermionic bilinear term in (1) becomes
δǫ
(
−
1
2
eψργ
µνρψµν
)
∼ −∂ρ
(
eǫγµνρψµν
)
+ eǫγµνρDρψµν − eψργ
µνρ
(1
4
Rabµνγ
ab +
1
2ℓ2
γµν
)
ǫ
= −∂ρ
(
eǫγµνρψµν
)
+
1
4
eRabµνǫ{γ
µνρ, γab}ψρ +
1
2ℓ2
eǫ{γµνρ, γµν}ψρ
= ∂µ
(
eǫΨµ
)
+ 2eGaµǫγ
µψa, (7)
where
Gaµ = R
a
µ −
1
2
eaµ
(
R+
2
ℓ2
)
,
Ψρ = −γµνρψµν = −ǫ
µνρψµν , (8)
are equations of motion for eµa and ψρ, respectively. Since the variation of the fermionic
bilinear term is obtained up to O(ψ2), it will be cancelled by that of purely bosonic terms in
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the Lagrangian (1). The supersymmeric transformation of the purely bosonic terms in (1)
is evaluated like
δǫ
{
e
(
R+
2
ℓ2
)}
∼ −2eGaµǫγ
µψa + 2ee
µ
ae
ν
bDµδǫων
ab
= −2eGaµǫγ
µψa + ∂µ(2ee
µ
ae
ν
bδǫων
ab)−Dµ(2ee
µ
ae
ν
b)δǫων
ab. (9)
Notice that the third term in the last line should be used to express the spin connection
in terms of the vielbein and the Majorana gravitino. Details can be found in appendix B.
So the third term is neglected here and combining eq. (7) and eq. (9), the variation of the
Lagrangian under the local supersymmetry becomes
16πGNδǫL ∼ ∂µ
(
2eeµae
ν
bδǫων
ab + eǫΨµ
)
. (10)
Thus the action (1) is invariant under the local supersymmetry.
3 Current for the General Covariance
In this section, we construct a current for the general coordinate transformation, x′µ =
xµ − ξµ. In order to do this, we employ a covariant approach which is investigated in
refs. [15, 16, 17]. In stead of the metric, we regard the vielbein as a fundamental field since
the Lagrangian (1) is written in terms of the vielbein and the spin connection. The current
is constructed up to O(ψ3).
First let us consider the variation of the Lagrangian (1). As in the previous section, we
neglect the equation of motion for the spin connection which is solved to express the spin
connection in terms of the vielbein and the Majorana gravitino. (See appendix B.) Then the
variation of the Lagrangian becomes
16πGNδL = 2eG
a
µδe
µ
a + eδψµΨ
µ + ∂µ
(
eΘµ(δ)
)
, (11)
where we defined
Θµ(δ) = 2eµae
ν
bδων
ab + ψνγ
µνρδψρ. (12)
Now we identify the variation with that of general coordinate transformation (3). By using
the relations
δξων
ab = ξρ∂ρων
ab + ∂νξ
ρωρ
ab
= ξρRabρν +Dν(ξ
ρωρ
ab), (13)
δξψρ = ξ
σ∂σψρ + ∂ρξ
σψσ
= ξσψσρ +Dρ(ξ
σψσ)− ξ
σ
(1
4
ωσabγ
ab +
1
2ℓ
γσ
)
ψρ, (14)
4
Θµ(ξ) ≡ Θµ(δξ) is written as
eΘµ(ξ) = 2eRµνξ
ν + 2eeµae
ν
bDν(ξ
ρωρ
ab)
+ eξσψνγ
µνρψσρ + eψνγ
µνρDρ(ξ
σψσ)− eξ
σψνγ
µνρ
(1
4
ωσabγ
ab +
1
2ℓ
γσ
)
ψρ
= 2eRµνξ
ν −
{
Dν
(
2eeµae
ν
b
)
+
1
4
eψνγ
µνσγabψσ
}
ξρωρ
ab
+ ∂ν
(
2eeµae
ν
bξ
ρωρ
ab + eξσψργ
µρνψσ
)
+ eξσψνγ
µνρψσρ −
1
2ℓ
eξσψνγ
µνργσψρ − eξ
σDρψνγ
µνρψσ
= ∂ν
(
2eeµae
ν
bξ
ρωρ
ab + eξσψργ
µρνψσ
)
+ 2e
(
Rµν −
1
4ℓ
ψργ
µρσγνψσ
)
ξν + eξσ
(
ψνγ
µνρψσρ +
1
2
ψσγ
µνρψνρ
)
= ∂ν
(
2eeµae
ν
bξ
ρωρ
ab + eξσψργ
µρνψσ
)
+ 16πGNξ
µL
+ 2eG˜µνξ
ν + eξσ
(
ψνγ
µνρψσρ +
1
2
ψσγ
µνρψνρ
)
. (15)
The second term in the third line vanishes after expressing the spin connection in terms of
the vielbein and the Majorana gravitino. Since ψµν =
1
2ǫµνρΨ
ρ, the last line also vanishes
after imposing the equations of motion, G˜µν = 0 and ψµν = 0. Here G˜
µ
ν includes fermionic
bilinear term and its explicit form is given in the appendix B.
Let us apply Noether’s procedure to construct a current for general coordinate invariance.
Subtracting eq. (4) from eq. (11), it is possible to define the current up to O(ψ3) as
16πGNeJ
µ(ξ)
= eΘµ(ξ)− 16πGNξ
µL+ ∂ν
(
eQ˜µν(ξ)
)
(16)
= ∂ν
{
e
(
Qµν(ξ) + Q˜µν(ξ)
)}
+ 2eG˜µνξ
ν + eξσ
(
ψνγ
µνρψσρ +
1
2
ψσγ
µνρψνρ
)
,
where
Qµν(ξ) = 2eµae
ν
bξ
ρωρ
ab + ξσψργ
µρνψσ. (17)
Q˜µν(ξ) is some antisymmetric tensor which is necessary to make the variation of the Hamil-
tonian well defined. In order to fix the form of Q˜µν(ξ), let us examine the variation of the
current (16).
δ
(
16πGNeJ
µ(ξ)
)
= δ
(
eΘµ(ξ)
)
− 16πGNξ
µδL + ∂ν
{
δ
(
eQ˜µν(ξ)
)}
= δ
(
eΘµ(ξ)
)
− ξµ∂ν
(
eΘν(δ)
)
− 2eξµGaνδe
ν
a − eξ
µδψνΨ
ν + ∂ν
{
δ
(
eQ˜µν(ξ)
)}
= eωµ(ξ, δ) + ∂ν
{
e
(
ξνΘµ(δ) − ξµΘν(δ)
)
+ δ
(
eQ˜µν(ξ)
)}
− 2eξµGaνδe
ν
a − eξ
µδψνΨ
ν , (18)
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where
eωµ(ξ, δ) = δ
(
eΘµ(ξ)
)
− δLξ
(
eΘµ(δg)
)
. (19)
Notice that δLξ represents the Lie derivative along ξ direction, and the relation δ
L
ξ
(
eΘµ(δ)
)
=
∂ν
(
eξνΘµ(δ)
)
− e∂νξ
µΘν(δ) is used to derive the last equation in eq. (18). ωµ(δ, ξ) is called
the symplectic current and antisymmetric under the exchange of δ and δξ . The integral of
its time component corresponds to the variation of the Hamiltonian. In order to make this
variation well defined, we require the cancellation of the total divergent term like
δ
(
eQ˜µν(ξ)
)
= e
(
ξµΘν(δ)− ξνΘµ(δ)
)
. (20)
It is not obvious whether we can find Q˜µν(ξ) which satisfies the above relation. However,
the existence of Q˜µν(ξ) is confirmed by examining an integrability condition in ref. [19]. As
a summary, the variation of the current for the general coordinate invariance is given by
δ
(
16πGNeJ
µ(ξ)
)
= ∂ν
{
δ
(
eQµν(ξ)
)
+ e
(
ξµΘν(δ)− ξνΘµ(δ)
)}
(21)
+ δ
{
2eG˜µνξ
ν + eξσ
(
ψνγ
µνρψσρ +
1
2
ψσγ
µνρψνρ
)}
.
The last line always contain equations of motion or their variations. Therefore, as far as
we consider variations along the moduli space of classical solutions, the last line can be
neglected.
4 Current for the Local Supersymmetry
In this section, we construct a Noether current for the local supersymmetry up to O(ψ2).
The variation of the Lagrangian (1) with equations of motion is given in eq. (11), so we
identify the variation with the supersymmetric transformation δǫ of eq. (5). Then the total
derivative term Θ(ǫ) ≡ Θ(δǫ) becomes
eΘµ(ǫ) = 2eeµae
ν
bδǫων
ab + 2eψνγ
µνρDρǫ
= 2eeµae
ν
bδǫων
ab + ∂ρ
(
2eψνγ
µνρǫ
)
− 2eDρψνγ
µνρǫ
= 2eeµae
ν
bδǫων
ab − ∂ν
(
2eǫγµνρψρ
)
− eǫΨµ. (22)
The variation of the Lagrangian (1) under the local supersymmetry (5) is already evaluated
as in eq. (10). Subtracting eq. (10) from eq. (22), we can construct the current for the local
supersymmetry as
16πGNeS
µ(ǫ) = eΘµ(ǫ)−
(
2eeµae
ν
bδǫων
ab + eǫΨµ
)
= ∂ν
(
eUµν(ǫ)
)
− 2eǫΨµ, (23)
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where
Uµν(ǫ) = −2ǫγµνρψρ = −2ǫ
µνρǫψρ. (24)
The super current is expressed as a total derivative term up to the equations of motion. In or-
der to examine whether the current is well defined or not, let us consider the supersymmetric
transformation of the super current up to O(ψ2).
16πGNδǫ2
(
eSµ(ǫ1)
)
∼ ∂ν
(
− 4eǫµνρǫ1Dρǫ2
)
+ eǫ1γ
µνρ
(
Rabνργ
ab +
2
ℓ2
γνρ
)
ǫ2
= ∂ν
{
2eǫµνρ
(
ǫ2Dρǫ1 − ǫ1Dρǫ2
)}
+ 4eGµνǫ1γ
νǫ2. (25)
The last equation is antisymmetric under the exchange of ǫ1 and ǫ2, so it is consistent with
the anticommutation relation of the supercharge.
5 Asymptotic Supersymmetry Group for AdS3 Geometry
In previous sections, we constructed currents for the general coordinate invariance and the
local supersymmetry. We also derived the variations of the currents. Our next task is
to evaluate these quantities at the boundary of AdS3 geometry. In order to do this, it
is necessary to find a symmetry group which preserves the asymptotic behavior of AdS3
geometry, which is called asymptotic symmetry group. In our case, this group should be
supersymmetric.
At spatial infinity, the metric of AdS3 geometry becomes
ds2 = −N2dt2 + r2dφ2 +N−2dr2, N =
r
ℓ
, (26)
where r is a radial direction and φ is an angular one with 0 ≤ φ ≤ 2π. This corresponds to
the massless BTZ black hole. Then the vielbein and the spin connection take the forms of
e0 = Ndt, e1 = rdφ, e2 = N−1dr,
ω02 = N
′e0, ω12 =
N
r
e1, (27)
where a, b = 0, 1, 2 represent local Lorentz indices. The isometry of this geometry becomes
SL(2,R) × SL(2,R).
Since we are only interested in the symmetry group at the boundary, we investigate gen-
eral coordinate transformation x′µ = xµ − ξµ which does not change the boundary behavior
of AdS3 geometry. Then the condition to be imposed for the variation of the metric is as
follows.
δξgµν =

 O(1) O(1) O(r−1)O(1) O(1) O(r−1)
O(r−1) O(r−1) O(r−4)

 , (28)
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where µ, ν = t, φ, r. The behaviors of diagonal components are determined so that these
go to zero faster than eq. (26) as r goes to infinity. Then the behaviors of ξµ and off
diagonal components around the boundary are simultaneously fixed. The general coordinate
transformation which satisfies the above condition is solved by
ξt = ℓ
(
T+(x
+) + T−(x
−)
)
,
ξφ = T+(x
+)− T−(x
−), (29)
ξr = −r
(
∂+T+(x
+) + ∂−T−(x
−)
)
,
where x± = tℓ±φ and ∂± =
1
2(ℓ∂t±∂φ). Thus the asymptotic symmetry group is parametrized
by T+(x
+) or T−(x
−).
When T±(x
±) are substituted by Fourier modes of
T±,n(x
±) =
1
2
einx
±
, (30)
the generators of asymptotic symmetry group are written as
ξ±,n = e
inx±∂± −
inr
2
einx
±
∂r. (31)
These form direct sum of two Virasoro algebras, [ξ±,m , ξ±,n] = −i(m − n)ξ±,m+n. Notice
that [ξ+,m , ξ−,n] = 0 if there are no subleading terms in eq. (29).
Next let us examine a supersymmetric transformation ǫ which satisfy a boundary condi-
tion at spatial infinity. Because ψµ = 0 for AdS3 solution, the condition for the supersym-
metric variation is imposed as
δǫψµ =
(
O(r−1/2) O(r−1/2) O(r−5/2)
)
. (32)
Now the gamma matrix is chosen as
γ0 =
(
0 −1
1 0
)
, γ1 =
(
0 1
1 0
)
, γ2 =
(
−1 0
0 1
)
. (33)
Note that γ012 = 1 and γab = ǫabcγc. The Majorana fermion ǫ is decomposed into two
Majorana-Weyl fermions in two dimensions, ǫ± =
1
2(1± γ
2)ǫ, and these satisfy γ2ǫ± = ±ǫ±,
γ1ǫ± = ∓γ
0ǫ± and γ
12ǫ± = −γ
0ǫ±. Then each component of the left hand side of eq. (32)
is written as
δǫψt = 2∂tǫ−NN
′γ02ǫ−
N
ℓ
γ0ǫ = 2∂tǫ+ + 2∂tǫ− −
2r
ℓ2
γ0ǫ+,
δǫψφ = 2∂φǫ+Nγ
12ǫ+
r
ℓ
γ1ǫ = 2∂φǫ+ + 2∂φǫ− −
2r
ℓ
γ0ǫ+, (34)
δǫψr = 2∂rǫ+
1
ℓN
γ2ǫ = 2∂rǫ+ +
1
r
ǫ+ + 2∂rǫ− −
1
r
ǫ−.
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The solution of eq. (32) becomes
ǫ = r1/2γ0χ(x+) + ℓr−1/2χ′(x+), (35)
where χ(x+) is a Majorana fermion with γ2χ = χ. The solution depends only on x+, so the
remaining local supersymmetry is chiral in this sense. Now we consider two solutions ǫ1 and
ǫ2. Dirac conjugate of ǫ1 is written as ǫ1 = −r
1/2χ1γ
0 + ℓr−1/2χ′1, so ǫ1ǫ2 and ǫ1γ
µǫ2 are
evaluated as
ǫ1ǫ2 = −ℓ χ1γ
0χ′2 + ℓ χ
′
1γ
0χ2,
ǫ1γ
tǫ2 = ℓ χ1γ
0χ2,
ǫ1γ
φǫ2 = χ1γ
0χ2, (36)
ǫ1γ
rǫ2 = −r(χ1γ
0χ2)
′.
Notice that ǫ1γ
µǫ2 is proportional to the x
+ dependent part of ξµ, which is denoted as ξµ+,
when χ1γ
0χ2 = −iχ
T
1 χ2 is proportional to T+.
Let us consider the Fourier mode of ǫ, which is labelled as ǫs. In order to fix the normal-
ization of ǫs, we adopt the following relation
ǫsγ
µǫt = −2iξ
µ
+,s+t, χ
T
s χt = 2T+,s+t. (37)
Then χs and ǫs are fixed as
χs = e
isx+
(
0
1
)
, ǫs = e
isx+
(
−r1/2
iℓsr−1/2
)
. (38)
From eq. (37), it is clear that s+ t should take some integer value. When s, t ∈ Z+ 12 , those
modes are in so called Neveu-Schwarz sector. On the other hand, when s, t ∈ Z, those modes
are in Ramond sector.
Now let us calculate δξe
a
µ = ξ
ρ∂ρe
a
µ + ∂µξ
ρeaρ, because the currents are constructed in
terms of the vielbein. From eq. (29), δξe
a
µ is evaluated as
δξe
a
µ =

 0 r
(
∂+T+ − ∂−T−
)
0
r
ℓ
(
∂+T+ − ∂−T−
)
0 0
−∂2+T+ − ∂
2
−T− −ℓ
(
∂2+T+ − ∂
2
−T−
)
0

 . (39)
It is, however, obvious that some off diagonal components do not go to zero faster that eaµ
as r goes to infinity. In order to avoid this problem, we employ local Lorentz transformation
δΛe
a
µ = Λ
a
be
b
µ, where
Λab =

 0 −∂+T+ + ∂−T− ℓr
(
∂2+T+ + ∂
2
−T−
)
−∂+T+ + ∂−T− 0 −
ℓ
r
(
∂2+T+ − ∂
2
−T−
)
ℓ
r
(
∂2+T+ + ∂
2
−T−
)
ℓ
r
(
∂2+T+ − ∂
2
−T−
)
0

 . (40)
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By redefining δξe
a
µ = ξ
ρ∂ρe
a
µ + ∂µξ
ρeaρ + Λ
a
be
b
µ, we obtain
δξe
a
µ =

0 0
ℓ2
r2
(
∂2+T+ + ∂
2
−T−
)
0 0 − ℓ
2
r2
(
∂2+T+ − ∂
2
−T−
)
0 0 0

 . (41)
In a similar way, we define δξωµ
ab = ξρ∂ρωµ
ab + ∂µξ
ρωρ
ab + Λacωµ
cb + Λbcωµ
ac. After some
calculations, the variation of the spin connection becomes
δξωt
a
b =

 0 0 −1r
(
∂3+T+ + ∂
3
−T−
)
0 0 1r
(
∂3+T+ − ∂
3
−T−
)
−1r
(
∂3+T+ + ∂
3
−T−
)
−1r
(
∂3+T+ − ∂
3
−T−
)
0

 ,
δξωφ
a
b =

 0 0 − ℓr
(
∂3+T+ − ∂
3
−T−
)
0 0 ℓr
(
∂3+T+ + ∂
3
−T−
)
− ℓr
(
∂3+T+ − ∂
3
−T−
)
− ℓr
(
∂3+T+ + ∂
3
−T−
)
0

 , (42)
δξωr
a
b =

 0 0 ℓr2
(
∂2+T+ + ∂
2
−T−
)
0 0 − ℓ
r2
(
∂2+T+ − ∂
2
−T−
)
ℓ
r2
(
∂2+T+ + ∂
2
−T−
)
ℓ
r2
(
∂2+T+ − ∂
2
−T−
)
0

 .
The variation of the spin connection also goes to zero faster that ωµ
a
b. These results will be
employed to calculate central charges in the next section.
6 Super Virasoro Algebra from Supergravity
Now we are ready to construct super Virasoro algebra at the boundary of the three di-
mensional supergravity. As discussed in section 3 and 4, we have constructed the currents
for the general coordinate invariance and the local supersymmetry. Corresponding charges,
the Hamiltonian and the supercharge, are obtained by integrating these currents over two
dimensional space.
First the Hamiltonian for the general coordinate transformation ξµ is given by
H(ξ) =
∫
d2x eJ t(ξ)
=
1
16πGN
∮
r=∞
dφ
(
eQtr(ξ) + eQ˜tr(ξ)
)
=
1
16πGN
∮
r=∞
dφ
{
ξρ
(
2eetae
r
bωρ
ab − ψφψρ
)
+ eQ˜tr(ξ1)
}
. (43)
The equations of motion are imposed in the second line. Note that the Hamiltonian is written
only by using the boundary values, so the behavior of the geometry (26) is enough to discuss
this quantity. In order to check the Dirac bracket of the algebra, let us take the variation of
the Hamiltonian.
δξ2H(ξ1) = {H(ξ1),H(ξ2)} = H([ξ1, ξ2]) +K(ξ1, ξ2). (44)
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The last term is the central extension of the algebra.
Now we evaluate this quantity in the background of the massless BTZ black hole, eq. (26)
with ψµ = 0. Now the energy is adjusted so that H(ξ) = 0. Thus K(ξ1, ξ2) = δξ2H(ξ1) and
from eq. (21) we evaluate
δξ2H(ξ1) =
1
16πGN
∮
r=∞
dφ
{
δξ2
(
eQtr(ξ1)
)
+ e
(
ξt1Θ
r(ξ2)− ξ
r
1Θ
t(ξ2)
)}
=
1
16πGN
∮
r=∞
dφ
{
ξρ1δξ2
(
2eetae
r
bωρ
ab − ψφψρ
)
+ ξt1
(
2eerae
ν
bδξ2ων
ab + eǫrνρψνδξ2ψρ
)
− ξr1
(
2eetae
ν
bδξ2ων
ab + eǫtνρψνδξ2ψρ
)}
=
1
16πGN
∮
r=∞
dφ 2e
{
eσcδξ2e
c
σe
t
ae
r
bξ
ρ
1ωρ
ab + δξ2e
t
ae
r
bξ
ρ
1ωρ
ab
+ etaδξ2e
r
bξ
ρ
1ωρ
ab + etae
r
bξ
ρ
1δξ2ωρ
ab
+ ξt1e
r
ae
ν
bδξ2ων
ab − ξr1e
t
ae
ν
bδξ2ων
ab
}
= −
ℓ
16πGN
∮
r=∞
dφ
(
4T1+∂
3
+T2+ + 4T1−∂
3
−T2−
)
. (45)
Here we used eq. (29) and the following relations.
eσcδξ2e
c
σ = 0, δξ2e
t
ae
r
bξ
ρ
1ωρ
ab = 0, δξ2e
r
b = 0,
etae
r
bξ
ρ
1δξ2ωρ
ab = −
ℓ
r
{
2T1+∂
3
+T2+ + 2T1−∂
3
−T2− +
(
∂+T1+ + ∂−T1−
)(
∂2+T2+ + ∂
2
−T2−
)}
,
eνbδξ2ων
ab =

 1r
(
∂2+T2+ + ∂
2
−T2−
)
−1r
(
∂2+T2+ − ∂
2
−T2−
)
0

 , (46)
ξt1e
r
ae
ν
bδξ2ων
ab = 0,
ξr1e
t
ae
ν
bδξ2ων
ab = −
ℓ
r
(
∂+T1+ + ∂−T1−
)(
∂2+T2+ + ∂
2
−T2−
)
.
Notice that left and right modes are separated in a nontrivial way in eq. (45). If we substitute
Fourier mode expansions of eq. (31), we obtain
δξ±,nH(ξ±,m) = −i
ℓ
8GN
m3δm+n,0. (47)
This gives the central extensions of left and right Virasoro algebras. By setting H(ξ±,m) =
L±me
imx± and identifying { , } with −i[ , ], the algebra (44) becomes
[L+m, L
+
n ] = (m− n)L
+
m+n +
c
12
m3δm+n,0,
[L−m, L
−
n ] = (m− n)L
−
m+n +
c
12
m3δm+n,0, (48)
where c = 3ℓ2GN is the central charge.
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Next we evaluate the Dirac bracket of the supercharge. The charge for the super trans-
formation is written as
F (ǫ) =
∫
d2x eSt(ǫ)
=
1
16πGN
∮
r=∞
dφ eU tr(ǫ)
=
1
16πGN
∮
r=∞
dφ 2ǫψφ. (49)
The equations of motion are imposed in the second line. It is obvious that the supercharge
is zero in the background of ψµ = 0. The variation of the supercurrent is evaluated as
δǫ2F (ǫ1) = {F (ǫ1), F (ǫ2)} = H(ǫ1γǫ2) +K(ǫ1, ǫ2), (50)
where K(ǫ1, ǫ2) is the central extension of the algebra. Now we evaluate this quantity in the
background of the massless BTZ black hole. Then K(ǫ1, ǫ2) = δǫ2F (ǫ1) and from eq. (25)
we obtain
δǫ2F (ǫ1) =
1
16πGN
∮
r=∞
dφ
(
2ǫ1Dφǫ2 − 2ǫ2Dφǫ1
)
=
iℓ
16πGN
∮
r=∞
dφ
(
2χT1 χ
′′
2 − 2χ
T
2 χ
′′
1
)
. (51)
If we substitute Fourier mode expansions of eq. (38), we obtain
δǫtF (ǫs) = −i
ℓ
2GN
s2δs+t,0. (52)
This corresponds to the central extension of the super Virasoro algebra. Notice that ǫsγ
µǫt =
−2iξµ+,s+t. Then, by setting F (ǫs) = Gse
isx+, the algebra (50) is expressed as
{Gs, Gt} = 2L
+
s+t +
c
3
s2δs+t,0. (53)
Let us examine a consistency check of eq. (50). In order to check this expression, let us
take the variation of δǫ2F (ǫ1). The calculation becomes as follows.
δξ2δǫ2F (ǫ1) =
1
16πGN
∮
r=∞
dφ δξ2
(
2ǫ1Dφǫ2 − 2ǫ2Dφǫ1
)
=
1
16πGN
∮
r=∞
dφ
(
ǫ1γ
abǫ2δξ2ωφab +
2
ℓ
ǫ1γaǫ2δξ2e
a
φ
)
=
1
16πGN
∮
r=∞
dφ ǫ1γaǫ2δξ2
(
ǫabcωφbc +
2
ℓ
eaφ
)
= −
2iℓ
16πGN
∮
r=∞
dφ 4T1+∂
3
+T2+
= δξ2H(−2iξ1+), (54)
12
where ǫ1γ
µǫ2 = −2iξ
µ
1+. Eq. (50) is correctly derived by integrating this equation. The third
line in the above equation indicates the connection between three dimensional supergravity
and the gauge Chern-Simons theory.
Finally let us investigate the Dirac bracket of the Hamiltonian and the supercharge. By
employing the results obtained in section 5, it is possible to show the following equation.
δǫ2δξ+F (ǫ1) =
1
4πGN
∮
r=∞
dφ ǫ1
{
∂φξ
ρ
+Dρǫ2 + ξ
ρ
+∂ρ(Dφǫ2) +
1
4
Λabγ
abDφǫ2
}
=
iℓ
4πGN
∮
r=∞
dφ
(
2T+χ
T
1 χ
′′′
2 + 3T
′
+χ
T
1 χ
′′
2
)
= −δǫ2F (δξ+ǫ1), (55)
where ξ+ is the general coordinate transformation of the asymptotic symmetry group which
depends only on T+(x
+). We also defined
δξ+ǫ1 = ξ
ρ
+∂ρǫ1 +
1
4
Λabγ
abǫ1, (56)
which satisfies δδξ+ ǫ1 = δǫ1δξ+−δξ+δǫ1 . If we substitute eqs. (31) and (38), the above equation
becomes
δξ+,mǫs = −i
(m
2
− s
)
ǫm+s. (57)
By integrating eq. (55), we obtain
δξ+F (ǫ1) = {F (ǫ1),H(ξ+)} = −F (δξ+ǫ1). (58)
Notice that the integral constant should be zero since F (ǫ) = 0 for ψµ = 0. By setting
ξ+ = ξ+,m and ǫ1 = ǫs, eventually we get
[L+m, Gs] =
(m
2
− s
)
Gm+s. (59)
In a similar way it is possible to show [L−m, Gs] = 0. Therefore we conclude that there exist
a direct product of Virasoro algebras at the boundary, and one of them is extended to super
Virasoro algebra.
7 Conclusion and Discussion
In this paper, we have formulated the current for the general covariance and that for the
local supersymmetry in three dimensional N = (1, 0) supergravity. We employed Noether’s
method and constructed them in a covariant way in terms of the vielbein and the spin
connection. In order to make the variations of the currents consistent, we referred Wald’s
approach and defined the Hamiltonian and the supercharge.
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We also examined the asymptotic supersymmetry group which preserves the boundary
behavior of AdS3 geometry. We solved the relaxed Killing vector and Killing spinor equa-
tions and obtained explicit forms of the general coordinate transformation ξµ and the local
supersymmetry ǫ. ξµ consists of arbitrary functions of T+(x
+) and T−(x
−), and ǫ is written
by an arbitrary function of χ(x+). The vector constructed from the bilinear of two Killing
spinors correctly matches with the Killing vector, and we found NS and R sectors for the
supersymmetric states. As discussed in appendix C, the global AdS3 belongs to the NS
sector and massless BTZ black hole does to the R sector.
We evaluated the variation of the Hamiltonian under the general coordinate transforma-
tion. This is written in terms of the Hamiltonian with central extension by using T+(x
+) and
T−(x
−). We also calculated the variation of the supercharge under the local supersymmetry.
This is given in terms of the Hamiltonian with central extension by using χ(x+). Inserting
mode expansions of the Hamiltonian and the supercharge, we showed that there exists the
direct product of super Virasoro algebra and Virasoro algebra at the boundary of AdS3.
The Virasoro algebras of eq. (48) are not canonical form, that is, the central extensions
are not like c12(m
3 −m). To make eq. (48) canonical form, we just shift L±0 as
L′±0 = L
±
0 +
c
24
. (60)
Then the energy of the global AdS3 ∆0 is shifted from −
1
8GN
to 0. And the effective central
charge becomes ceff ≡ c − 24∆0 = c [20]. Thus it is possible to estimate the entropy of the
BTZ black hole by using Cardy formula.
The formulation developed in this paper is applicable to general supergravity theories [21].
For example, it is straight forward to generalize the procedure of this paper to N = (1, 1)
supergravity. As a future direction, it is interesting to apply our formulation to the chiral
supergravity which contains Lorentz Chern-Simons term [22]. it is also interesting to develop
an extension to higher spin supergravity [23].
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A Notation of the Gamma Matrix
The gamma matrix in three dimensions satisfy the Clifford algebra,
{γa, γb} = 2ηab, (61)
where ηab = diag(−1, 1, 1) and a, b = 0, 1, 2 denote local Lorentz indices. A space-time
dependent gamma matrix is given by γµ = eµaγ
a, and a completely antisymmetric tensor
γµ1···µn is defined so that a coefficient of each term becomes 1/n!. For example, γµν =
1
2!(γ
µγν − γνγµ). In some calculations, we often need to evaluate products of antisymmetric
tensors. Here we present some of them.
γµνργab = −6γ
[ρµ
[ae
ν]
b] − 6γ
[ρeµ[ae
ν]
b],
1
2
{γµνρ, γab} = −6γ
[ρeµ[ae
ν]
b],
γµνργµν = −2γ
ρ, (62)
γργ
µνρ = γµνργρ.
Also we often use a relation for Majorana spinors χ and η,
χγµ1···µnη = (−1)
n(n+1)
2 ηγµ1···µnχ. (63)
In eq. (2), we introduced two kinds of covariant derivatives. Dµ acts only on local Lorentz
indices and satisfy Dµe
a
ν = Γ
a
µν and Dµγ
a = 0. From this we see that D[µe
a
ν] = Γ
a
[µν] and
Dρ(eγ
ρµ1···µn) becomes the order of O(ψ2). Especially Dγ(eγ
µνρ) = 0 in three dimensions.
It is helpful to note following relations.
eDρχγ
µνρη = ∂ρ
(
eχγµνρη
)
− χDρ
(
eγµνρ
)
η − eχγµνρDρη
= ∂ρ
(
eχγµνρη
)
− eχγµνρDρη, (64)
eDρχγ
µνρη = ∂ρ
(
eχγµνρη
)
− eχγµνρDρη.
Commutation relations of each covariant derivative are evaluated as
[Dµ,Dν ] =
1
4
Rabµνγ
ab,
[Dµ,Dν ] =
1
4
Rabµνγ
ab +
1
2ℓ2
γµν , (65)
and covariant derivatives of the field strength of the Majorana gravitino with all indices
antisymmetrized are calculated like
D[ρψµν] =
1
4
Rab[µνγ
abψρ],
D[ρψµν] =
1
4
Rab[µνγ
abψρ] +
1
2ℓ2
γ[µνψρ]. (66)
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B On the Spin Connection
Let us consider the variation of the Lagrangian (1) and determine the spin connection in-
cluding torsion part. The calculation becomes as follows.
16πGNδL
= 2e
(
Raµ −
1
2
eaµR−
1
ℓ2
eaµ
)
δeµa −
1
2
eδψργ
ρµνψµν − eψργ
ρµνDµδψν
− 2eeµae
ν
bDνδωµ
ab −
1
4
eψργ
µνργabψνδωµ
ab −
1
2ℓ
eψργ
µνργaψνδe
a
µ
= 2eG˜aµδe
µ
a + eδψρΨ
ρ + ∂µ
(
2eeµae
ν
bδων
ab + eψργ
µρσδψσ
)
+
(
Dν
(
2eeµ[ae
ν
b]
)
−
1
4
eψργ
µνργabψν
)
δωµ
ab. (67)
Equations of motion are defined as
G˜aµ = R
a
µ −
1
2
eaµR−
1
ℓ2
eaµ −
1
4ℓ
eψργ
aρσγµψσ,
Ψρ = −γρµνψµν = −ǫ
ρµνψµν . (68)
Since ǫµνρΨ
ρ = 2ψµν , equation of motion for the Majorana gravitino is simply written as
ψµν = 0. Each Term in front of δωµ
ab in eq. (67) are expressed as
e−1Dν
(
2eeµ[ae
ν
b]
)
= 2eρc∂νe
c
ρe
µ
[ae
ν
b] + 2∂νe
µ
[ae
ν
b] + 2∂νe
ν
[be
µ
a] − 2ω[ab]
µ + 2eµ[aωb]
= −2eµc∂νe
c
ρe
ρ
[ae
ν
b] − 2ω[ab]
µ + 2eµ[aωˆb], (69)
1
4
ψργ
µνργabψν = −
3
2
ψργ
[ρeµ[ae
ν]
b]ψν
= −
1
2
ψaγ
ρψρe
µ
b +
1
2
ψbγ
ρψρe
µ
a +
1
2
ψaγ
µψb, (70)
where ωb ≡ ωρb
ρ and ωˆb ≡ ωb + e
ρ
c∂νe
c
ρe
ν
b − e
ν
c∂νe
c
ρe
ρ
b. Then the equation of motion for
the spin connection becomes
−2eµc∂νe
c
ρe
ρ
[ae
ν
b] − 2ω[ab]
µ + 2eµ[aωˆb] = −
1
2
ψaγ
ρψρe
µ
b +
1
2
ψbγ
ρψρe
µ
a +
1
2
ψaγ
µψb. (71)
By multiplying ebµ we obtain ωˆa =
1
2ψaγ
ρψρ, and by substituting this relation to the above
we obtain
ωαβγ − ωβαγ = 2eγc∂[αe
c
β] −
1
2
ψαγγψβ, (72)
where ωγαβ ≡ ωγabe
a
αe
b
β. The spin connection is given by
ωγαβ = −eγc∂[αe
c
β] + eαc∂[βe
c
γ] + eβc∂[γe
c
α] +
1
4
ψαγγψβ +
1
2
ψ[αγβ]ψγ . (73)
Notice that from eq. (72), antisymmetric part of the affine connection is written as
Γc[αβ] = D[αe
c
β] =
1
4
ψαγ
cψβ . (74)
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Taking the variation of this equation, we obtain
D[αδe
c
β] +
1
2
ed[βδωα]
c
d =
1
4
δψ[αγ
cψβ]. (75)
The variation of the spin connection is obtained by a linear combination of these equations
with indices cyclically rotated.
δωρcde
c
µe
d
ν = δωρ˙cde
c
µe
d
ν˙ + δωµ˙cde
c
νe
d
ρ˙ − δων˙cde
c
ρe
d
µ˙
= −ecµDρ˙δe
c
ν˙ − ecνDµ˙δe
c
ρ˙ + ecρDν˙δe
c
µ˙
+
1
2
δψρ˙γµψν˙ +
1
2
δψµ˙γνψρ˙ −
1
2
δψν˙γρψµ˙
= −ecµ˙Dρδe
c
ν˙ + ecµ˙Dν˙δe
c
ρ + ecρDν˙δe
c
µ˙
+
1
2
δψργµ˙ψν˙ −
1
2
δψν˙γµ˙ψρ −
1
2
δψν˙γρψµ˙. (76)
C Killing Vector and Killing Spinor for AdS3 Geometry
Let us consider isometry of global AdS3 geometry and BTZ black hole. We will explicitly
construct generators of the isometry for the global AdS3 and show that these form subalgebra
of super Virasoro algebras. We also construct generators of the isometry for the BTZ black
hole and show that these are time translation and angular rotation. For the extremal case,
it is possible to find a generator for the local supersymmetry.
The metric of BTZ black hole is given by
ds2 = −N2dt2 + r2(dφ+Nφdt)2 +N−2dr2, (77)
N2 =
r2
ℓ2
+
(4GNj
r
)2
− 8GNm, N
φ =
4GNj
r2
.
m represents the mass of the black hole and j does the angular momentum. The black hole
becomes extremal when m = |j|ℓ . Global AdS3 is realized when m = −
1
8GN
and j = 0.
Let us consider the Killing vector equation δξgµν = 0 for the globally AdS3 geometry.
The solution of this equation is given by
ξ = a1e
ix+
( r
2N
∂t +
ℓN
2r
∂φ −
iℓ
2
N∂r
)
+ a−1e
−ix+
( r
2N
∂t +
ℓN
2r
∂φ +
iℓ
2
N∂r
)
+ a0∂+
+ b1e
ix−
( r
2N
∂t −
ℓN
2r
∂φ −
iℓ
2
N∂r
)
+ b−1e
−ix−
( r
2N
∂t −
ℓN
2r
∂φ +
iℓ
2
N∂r
)
+ b0∂− (78)
≡
∑
n=−1,0,1
anLn +
∑
n=−1,0,1
bnL˜n,
where x± = tℓ ± φ, N =
√
1 + r
2
ℓ2
and an, bn are some constants which satisfy a−1 = a
∗
1,
b−1 = b
∗
1, a
∗
0 = a0 and b
∗
0 = b0. Ln and L˜n are properly normalized generators of the isometry
and satisfy following commutation relations:
[Lm, Ln] = −i(m− n)Lm+n, [L˜m, L˜n] = −i(m− n)L˜m+n. (79)
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Therefore the global AdS3 possesses SL(2,R)×SL(2,R) symmetry of Virasoro subalgebras.
Since the BTZ black hole is constructed as a quotient space-time of global AdS3, it also
possesses SL(2,R)×SL(2,R) symmetry locally. Actually it is possible to solve Killing vector
equation and obtain 6 generators. Among 6 generators, however, only time translation ∂t
and rotation ∂φ are consistent with the global structure of the geometry. Thus locally AdS3
does not possess symmetry of Virasoro subalgebras.
Next let us examine supersymmetry of the geometry. Here we choose the explicit form
of the gamma matrix as
γ0 =
(
0 −1
1 0
)
, γ1 =
(
0 1
1 0
)
, γ2 =
(
−1 0
0 1
)
. (80)
Note that γ012 = 1 and γab = ǫabcγc.
Then Killing spinor equation δǫψµ = 0 for the globally AdS3 is expressed as
δǫψt = 2∂tǫ+
1
ℓ
(
−Nγ0 +
r
ℓ
γ1
)
ǫ = 0,
δǫψφ = 2∂φǫ+
(
−Nγ0 +
r
ℓ
γ1
)
ǫ = 0, (81)
δǫψr = 2∂rǫ+
1
ℓN
γ2ǫ = 0.
Here ǫ(x) is a space-time dependent Majorana spinor and solved as
ǫ = c1/2
ℓ
2
e
i
2
x+
(
A
−iA−1
)
+ c−1/2
ℓ
2
e−
i
2
x+
(
A
iA−1
)
(82)
≡ c1/2ǫ
+ + c−1/2ǫ
−,
where c−1/2 = c
∗
1/2 and A(r) =
√
r
ℓ +N .
Note that the Killing spinor becomes antiperiodic along the φ direction. This means
that the globally AdS3 belongs to Neveu-Schwarz sector and preserves N = (1, 0) local
supersymmetry. When k+ = 0, BTZ black hole becomes extremal (j = −mℓ) and the
Killing spinor is independent of the φ direction.
ǫ =
ℓ
2
(√
r
ℓ −
4GNmℓ
r
0
)
. (83)
This corresponds to Ramond sector.
References
[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231.
[2] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253.
18
[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B428 (1998) 105.
[4] S. Deser and R. Jackiw, Ann. Phys. 153 (1984) 405.
[5] M. Ban˜ados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849.
[6] M. Ban˜ados, M. Henneaux, C. Teitelboim, J. Zanelli, Phys. Rev. D48 (1993) 1506.
[7] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Nucl. Phys. B241 (1984) 333.
[8] J.D. Brown and M. Henneaux, Comm. Math. Phys. 104 (1986) 207.
[9] A. Strominger, JHEP 9802 (1998) 009.
[10] A. Achu´carro and P.K. Townsend, Phys. Lett. B180 (1986) 89.
[11] E. Witten, Nucl. Phys. B311 (1988) 46.
[12] M. Ban˜ados, Phys. Rev. D52 (1996) 5816.
[13] S. Carlip, Class. Quant. Grav. 22 (2005) R85.
[14] M. Ban˜ados, K. Bautier, O. Coussaert, M. Henneaux and M. Ortiz, Phys. Rev. D58
(1998) 085020.
[15] C. Crnkovic and E. Witten, in Three hundred years of gravitation, edited by S.W.
Hawking and W. Israel.
[16] J. Lee and R. M. Wald, J. Math. Phys. 31 (1990) 725.
[17] R.M. Wald, Phys. Rev. D48 (1993) R3427.
[18] O. Coussaert and M. Henneaux, Phys. Rev. Lett. 72 (1994) 183.
[19] J. Koga, Phys. Rev. D64 (2001) 124012.
[20] S. Carlip, Class. Quant. Grav. 15 (1998) 3609.
[21] M. Henneaux, L. Maoz, A. Schwimmer, Annals Phys. 282 (2000) 31.
[22] M. Becker, P. Bruillard and S. Downes, JHEP 0910 (2009) 004.
[23] M. Henneaux, G. L. Gomez, J. Park and S. J. Rey, JHEP 1206 (2012) 037.
19
